Cancellation of 1/m_Q Corrections to the Inclusive Decay Width of a
  Heavy Quark by Sinkovics, A.
ar
X
iv
:h
ep
-p
h/
98
10
26
3v
1 
 7
 O
ct
 1
99
8
Cancellation of 1/mQ Corrections to the Inclusive Decay Width of
a Heavy Quark ∗
A. Sinkovics
The Randall Laboratory of Physics
University of Michigan
Ann Arbor, MI 48109-1120
I. INTRODUCTION
This talk is a short summary of a work done in collaboration with Ratindranath Akhoury
and Valentine Zakharov [1], a study of power corrections to the inclusive semileptonic decay
of a heavy quark. The phenomenological motivation of this work is that the semileptonic
inclusive decay can provide information on the CKM matrix elements. Power corrections
may be large and knowledge about them is important for the precision extraction of the
CKM parameters.
Inclusive decays of hadrons containing a single heavy quark (mass mb) have been studied
[2] within the operator product expansion (OPE) which gives an expansion of the decay
width in terms of a small parameter Λ/mb :
Γincl = Γ
pert
incl (1 + a1Λ/mb + a2(Λ/mb)
2 + ...). (1)
In the above, Γpertincl is the decay width of the heavy quark including all perturbative correc-
tions (the parton model result). Since there are no local gauge invariant operators of the
appropriate dimension, an important conclusion [2] is that a1 = 0, and the higher order
power corrections can be classified in terms of the matrix elements of various operators.
Power corrections may be studied with the method of renormalons [3] within perturbation
theory. The basic idea of the renormalon method is that one can obtain information about
power corrections by looking at a class of diagrams which give factorial divergence in large
orders of perturbation theory. The power corrections are seen to arise from regions of low
momenta. This leads us to investigate the infrared sensitivity of inclusive decays, and we
can replace the QCD scale Λ, which is a non-perturbative parameter, by an infrared cutoff
parameter λ defined within perturbation theory. In the case of QED, for example, it could
be a (fictitious) photon mass. Then the inclusive rate (1) may be represented as :
Γincl = Γ
pert
incl (1 + b1λ/mb + b2(λ/mb)
2lnλ + ...). (2)
Note that the Landau conditions for the singularities of Feynman diagrams tell us that the
infrared sensitive contributions arise only as terms which are non-analytic in λ2.
An advantage of the OPE is the generality of its applicability to non-perturbative con-
tributions. On the other hand, the conditions for the validity of the OPE can be checked by
explicit perturbative calculations. As mentioned before, since no dimension 4 local gauge
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invariant operator in HQET, the coefficient of the first, linear correction b1 = 0. Explicit one-
loop order calculations [4] however have found linear correction to the decay width (b1 6= 0).
The reason is that the pole mass is infrared sensitive, so on-shell renormalization must be
avoided, and one has to use a short-distance mass instead. The decay width has no linear
correction only if expressed not in terms of the pole mass mb but in terms of a short distance
or a M¯S mass. In this way one avoids an otherwise large (possibly non-universal) correction
of order 1/mb, but at the expense of introducing a renormalization scale (µ) dependence in
the total rate through the use of the running mass.
We extended the above argument for the inclusive semileptonic decay of a heavy quark
in QCD to the second loop order when the non-abelian nature of the interactions are first
apparent. That is we show the cancellations of all terms linear in the infrared cutoff in the
decay width when the latter is expressed in terms of the short distance mass. The possible
sources of infrared sensitive terms are the mass and wave function renormalization diagrams
of the initial heavy quark and the bremsstrahlung diagrams. The cancellations proceed in
a different manner for the two cases because whereas the wave function renormalization is
multiplicative, the on-mass shell renormalization is additive.
II. CONNECTION TO THE KINOSHITA-LEE-NAUENBERG THEOREM
Certain questions immediately come to mind concerning the generality of the result. Is
there a general principle behind this cancellation ?, and is it true to all orders in perturbation
theory, even for the non-abelian case? In fact there are infrared safe observables in QCD that
do receive power corrections that are proportional to 1/M where M is a large mass scale.
Examples are provided by the event shape variables in e+e− annihilation [5] for which there
does not exist an operator product expansion. It has been argued in ref. [6] that inclusive
enough observables do not receive 1/M power corrections whereas the more exclusice ones
that assume some precision measurement do. Below we will apply this principle to the
inclusive decay of the heavy quark, and argue that the KLN [7] theorem is behind the
cancellation of the terms proportional to 1/mb.
The KLN theorem states the cancellation of infrared divergences in the transition prob-
ability when it is summed over an appropriate degenerate set of initial and final states. In
a recent publication [8] it was argued that in the KLN sum not only the leading infrared
sensitive piece proportional to lnλ but also the next, subleading ∼ λ term is cancelled, i.e,
∑
i,f
|Si→f |
2 ∼ 0 · lnλ+ 0 · λ+ terms independent of λ+O(λ2lnλ). (3)
The transition probability summed over both initial and final states cannot be related to
a physical inclusive cross section. However we argue that for heavy quark decay the initial
state is trivial and hence from the above the KLN theorem guarantees the cancellation not
only of the lnλ terms but also the subleading linear pieces. According to the uncertainity
principle, the total energy can be measured to any accuracy provided the measurement time
is long enough. In particular, the uncertainity ∆E in the total energy can be made smaller
than an infrared cutoff:
∆E ≪ λ (4)
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Now consider a decaying charged (or colored) particle in its rest frame. It is obvious that
this state is not degenerate with any other since there is a gap between the mass of the
charged particle and the energies in the continuum for any λ 6= 0. Thus the summation over
the initial states in the KLN theorem is redundant for this case. Hence we conclude that
Γincl = Γ
pert
incl
(
1 +O(λ2lnλ)
)
. (5)
It should be emphasized that this argument guarantees the above equality to all orders in
perturbation theory. However it is very important for the KLN theorem to be valid that the
renormalization procedure does not introduce any infrared sensitivity. Thus since the pole
mass is infrared sensitive, on shell mass renormalization must be avoided in favour of the
M¯S scheme . We would also like to point out that the same argument can be applied not
just to the semileptonic decay but to other inclusive decays like for example the radiative
one, B → Xsγ.
As mentioned before, we verify the above argument by an explicit second loop order
calculation: we show the cancellation of terms linearly proportional to an infrared cutoff λ.
Our method, dicussed in section III, is to introduce local effective vertices for the diagrams
with radiation from the final state quark to linear accuracy.
III. EFFECTIVE VERTICES
We consider the totally inclusive semileptonic decay of a heavy quark and examine the
possible terms linearly proportional to an infrared cutoff. Such terms can arise from the soft
gluon contributions to the diagrams for the mass and wave function renormalizations of the
heavy quark and from the bremsstrahlung diagrams.
The decay rate is proportional to the imaginary part of the forward amplitude shown in
Fig. 1. The hard amplitude involving the final state quark is denoted by the shaded blob
which also includes the lepton loop. The soft gluon interactions responsible for the infrared
sensitivity dress the hard amplitude, connecting to it and to the heavy quark. We use the
fact that for the soft gluon of momenta k ≪ mb, we may perform the sum over cuts implicit
in taking the imaginary part, for just the hard part of the amplitude leaving the soft gluon
lines uncut. Thus we sum over the cuts of the hard amplitude only and leave the soft gluon
propagators uncut in the diagrams for the forward scattering amplitude. One can show that
up to linear accuracy, after summing over the cuts of the hard part, and integrating over its
phase space and that of the leptons, the interaction of soft gluon radiation with the hard
part may be replaced by effective local vertices.
In the parton model, the total width for the semileptonic decay is to lowest order:
Γ0 =
G2F |Vub|
2
192pi3
m5b (6)
We may represent this by an effective local vertex, obtained by preforming the phase space
integration over the leptons and and the massless quark. Such an effective vertex may be
written as:
Cu¯p/5u, C =
G2F |Vub|
2
192pi3
. (7)
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where u is the heavy quark spinor. This vertex shown on Fig. 2a) and will be referred to as
the leading effective vertex.
Similarly, effective vertices can be derived for the absorbtion of one and two gluons from
the final state quark. (Figure 2b), 2c)). These effective vertices may be obtained from the
leading one by gauge invariance, by means of the replacement pµ → (pµ − gT
aAaµ). In the
following we study the infrared contribution of the effective vertex diagrams and show the
cancellation of infrared sensitive pieces linear in an infrared cutoff.
All the infrared cancellations are shown strictly algebraically at the level of the corre-
sponding Feynman integrands. Power counting is used to isolate and to show the cancella-
tions of the possibly infrared sensitive contributions upto linear accuracy. In this way we
avoid using any particular IR cutoff, which is crucial for the case of non-abelian theory.
IV. CANCELLATION OF INFRARED SENSITIVE TERMS UPTO LINEAR
ACCURACY FROM THE WAVE FUNCTION RENORMALIZATION
DIAGRAMS
In this section we will show that the infrared sensitive terms upto linear accuracy are
cancelled between the wave function renormalization contributions from diagrams with self
energy insertions and parts of bremsstrahlung diagrams. Since the wave function renor-
malization is multiplicative, all its contributions factorize from the hard amplitude. The
corresponding bremsstrahlung diagrams that cancel the logarithmic and linear dependence
on the IR cutoff of the wave function renormalization diagrams may be obtained by certain
Ward-like identities. In this talk I explicitly show our method on the the one-loop order
cancellation only. The procedure can be generalized to second loop order, which is the actual
new result.
We will denote by −iΣ(p) the sum of all 2 point one particle irreducible graphs. Then
the full fermion propagator is:
S
′
F (p) =
i
p/−mb − Σ(p)
(8)
Near the mass shell we have
Σ(p) = δm (mb,∆m)− (Z
−1 − 1) (p/−mb) +O
(
(p/−mb)
2
)
(9)
where ∆m denotes the mass counterterm:
δm (mb,∆m) |p/=mb = 0. (10)
Thus mb denotes the pole or the physical mass:
lim
p/→mb
S
′
F (p) =
i
p/−mb
Z (11)
From the LSZ reduction formula, each external line in the S-matrix element gets a factor
Z1/2 and we are interested in its perturbative expansion. Thus we expand,
Z1/2 = 1−
1
2
(
Z−1 − 1
)
+
3
8
(
Z−1 − 1
)2
+ ..... (12)
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and Z−1 − 1 may be computed using:
Z−1 − 1 = −
u¯ ∂
∂pν
Σ |p/=mb u
u¯γνu
(13)
In the rest frame of the heavy quark, only ν = 0 contributes.
Consider the one-loop order wave function renormalization and the corresponding
bremsstrahlung diagrams shown on Fig. 3. The wave function renormalization parts of
both graph(a) and graph(b) are the hard part times a factor of Z1/2. Thus we expand it
using (12) keeping only the first two terms and computing the perturbative contribution to
order α of Z−1 − 1 from (13). Next using the identity
∂
∂pν
i
p/− k/−mb
=
i
p/− k/ −mb
iγν
i
p/− k/−mb
(14)
we obtain the Ward-like identity shown in Fig. 4, where the dotted line denotes the insertion
of a zero momentum vertex γν . Going to the rest frame of the heavy quark and using Eqs.
(12), (13) we immediately see
3c)|wavefunction = (Z
−1 − 1)g2Cm
5
b u¯u = − [3a) + 3b)] . (15)
Here, and henceforth, unless otherwise specified, the equality sign is for terms that are
logarithmically and linearly infrared sensitive. This is the desired result, which does not
involve using an explicit infrared cutoff.
The cancellation of the wave function parts at two loops follows the same general method
except that now we have more diagrams. The 2-loop one particle irreducible diagrams can
be divided into 5 groups according to the 5 pieces of the order g4 self-energy corrections
(Fig. 6). These groups are essentially the different color groups, with the exception that
the first and third group have the same color structure. The cancellation of logarithmic
and linear terms in the infrared cutoff takes place within each color group separately. As
in the one-loop case, the cancellation is obtained by use of Ward-like identities, valid to
linear accuracy. Figures 7 and 8 show one color group of diagrams and the corresponding
Ward-like identity as an example. As before, the infrared sensitive pieces are identified by
power counting (no specific cutoff is used) and the cancellation is algebraic at the level of
integrands.
At the two-loop level 1-particle reducible diagrams also contribute to the wave function
renormalization. The contribution of the diagrams can be simply calculated using the per-
turbative expansion of Z1/2 (Eq. 12) multiplying each external line in the S-matrix element.
A straightforward calculation shows that the wave function renormalization pieces from the
two-loop order 1-particle reducible diagrams cancel.
V. CANCELLATION OF THE INFRARED SENSITIVE TERMS FROM MASS
RENORMALIZATION
Let us now consider the cancellation of the leading infrared sensitive piece (the one that
is linearly divergent in the infrared) arising from the diagrams involving the mass renor-
malization of the heavy quark. While the wave function renormalization was multiplicative,
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and so the hard part of diagrams factorized, the mass renormalization is additive, and the
structure of hard vertex is important here. As for the wave function pieces, I discuss the
cancellation in one loop order to exemplify our method, and indicate how to generalize the
calculation for second loop order.
As discussed in the introduction, the pole mass of the heavy quark contains a long
distance piece which is proportional linearly to an infrared cutoff, the first contribution
starting at order α. By infrared power counting we can isolate the linearly infrared sensitive
pieces of the self-energy diagrams as
Σ1|p/=mb = a1g
2 + b1g
2λ (16)
Σ2i|p/=mb = a2ig
4 + b2ig
4λ i = 1 . . . 5
It is convenient to separate out this piece and define the short distance or running mass to
one and second loop order respectively as
m¯ = m0 + a1g
2 (17)
m¯ = m0 + a1g
2 +
5∑
i=1
a2ig
4.
We should emphasize our notation at this point. Even though one may use a gluon mass
as an infrared cutoff at the one loop level, this is not a gauge invariant procedure beyond
it. Thus λ refers to some gauge invariant cutoff, which we need not specify. Terms that are
linearly divergent in the infrared are identified by power counting and cancellation of such
terms is shown at the level of the corresponding Feynman integrands.
The various diagrams contributing to this order are shown in Fig. 5. Fig. 5a) is the
bremsstrahlung contribution. To find the leading infrared sensitive contribution, we expand
the leading effective hard vertex to first order in the offshellness,
C(p/− k/)5 = C(p/− k/−mb +mb)
5 = Cm5b + 5Cm
4
b(p/− k/−mb) + · · · (18)
This is an expansion of the leading effective vertex in (p/− k/−mb)/mb and it is understood
that we keep such deviations from the mass shell in as much as they cancel the corresponding
small denominators from the propagators. Then after this expansion, one of the fermion
propagators in the integrand of the expression for Fig. 5 is cancelled (shown by a slash in
the Figure) and we are left with an expression which resembles that for the self energy:
5a) = 5C(m¯)4b1g
2λu¯u (19)
Next we have the contributions from the bremsstrahlung from the final state quark which
as discussed earlier is replaced by the effective vertices for the gluon emission. The two
diagrams with single gluon effective vertices of Figs. 5b) and 5c) give:
5b) + 5c) = 2× C(−i5m4b)u¯ (−iΣ1(p)) u = −2 × 5C(m¯)
4b1g
2λu¯u. (20)
Finally, in the lowest order diagram, Fig. 5d), we must express the leading effective vertex
in terms of the short distance mass,
5d) = Cm5b = C(m¯+ b1g
2λ)5 = Cm¯5u¯u+ 5C(m¯)4b1g
2λu¯u. (21)
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Adding together all the order g2 terms we see the cancellation of the linearly infrared di-
vergent pieces to this order when the decay rate is expressed in terms of the running mass
m¯.
As in the wave function renormalization, we group the two-loop 1 PI diagrams according
to the five self-energy pieces shown in Fig. 6. These groups are now enlarged by new
diagrams with the single and double gluon vertices (Fig. 2). Unlike in the wave function
case, where each group of graphs cancelled separately, the cancellation of linear infrared
sensitive pieces in the mass renormalization involves mixing between the different groups
and mass shift terms from one loop graphs. To show the cancellation of linearly infrared
sensitive pieces, we follow the same procedure as in the one-loop case: expand the effective
vertices in the offshellness, keep terms that would be linearly proportional to an infrared
cutoff, and show the cancellation algebraically. Two cancelling sets are shown on Figures
9, and 10. There are two additional sets of diagrams with abelian type of cancellation (the
cancellation proceeds in the same way as the interaction was abelian). The second loop
order calculation explicitely verifies that cancellation of linearly infrared pieces occurs if
expressing the decay width in terms of the short distance (running) mass.
VI. SUMMARY AND CONCLUSIONS
We have shown by explicit perturbative calculations upto the second loop order that
when the inclusive decay width of a heavy quark is expressed in terms of the short distance
mass, there is complete accord with the operator product expansion and the leading power
corrections are of order 1/m2b .
As emphasized earlier, the above result is true not just for the semileptonic decay consid-
ered in this paper but for any inclusive decay with a single heavy particle initial state, like
for example the radiative one. Such a cancellation was linked to the KLN theorem which
had been suggested earlier [6] to be the general principle behind this for inclusive enough
observables.
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FIG. 1. The forward scattering amlitude for the heavy quark decay whose imaginary part gives
the decay width. Shaded blob denotes the hard part, while S denotes the soft gluon interactions.
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FIG. 2. a) leading effective vertex, b) single gluon effective vertex , c) double gluon effective
vertex
a) b) c)
FIG. 3. Wave function renormalization and Bremsstrahlung diagrams to order g2.
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FIG. 4. One-loop order Ward-like identity
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FIG. 5. Mass renormalization and the corresponding bremsstrahlung diagram to order g2.
Figure a) depicts the mass renormalization piece of the graph. The propagator with slash is
cancelled by the expansion of the leading effective vertex. The subscript Σ1 of d) denotes the mass
shift due to the order g2 self-energy correction.
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FIG. 6. Self-energy corrections of order g2 and g4
a) b) c) e)d)
FIG. 7. The second group of 2-loop diagrams corresponding to Σ22.
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FIG. 8. Ward-like identity to the second group of 2-loop diagrams
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FIG. 9. Mass renormalization of order g4: group-1 and group-2. The linear infrared sensitive
mass renormalization pieces of the leading effective vertex graphs cancel with the corresponding
single and double gluon vertex graphs and with g4 order mass shift terms from the 1-loop diagrams.
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FIG. 10. Mass renormalization of order g4: cancellation of linear terms in group-5.
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